arXiv:1501.03623vl [math.CO] 15 Jan 2015 


A note on the Brush Numbers of Mycielski Graphs, fi{G) 


(Johan Kok, Susanth C, Sunny Joseph Kalayathankal)0 


Abstract 


The concept of the brush number br{G) was introduced for a simple connected undirected graph 
G. The concept will be applied to the Mycielskian graph fi{G) of a simple connected graph G 
to find br{fJ.{G)) in terms of an optimal orientation of G. We prove a surprisingly simple general 
result for simple connected graphs on n > 2 vertices, namely: 

n 

bAp{G)) = 6,(/r-(G)) = 2 E 

i=l 
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1 Introduction 


For a general reference to notation and concepts of graph theory see [1]. For ease of self- 
containess we shall briefly introduce the concepts of brush numbers and Mycielskian graphs. 
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1.1 The brush number of a graph G 


The concept of the brush number br{G) of a simple connected graph G was introduced by 
McKeil [3] and Messinger et. ah [5]. The problem is initially set that all edges of a simple 
connected undirected graph G is dirty. A hnite number of brushes, /3g{v) > 0 is allocated 
to each vertex v G V{G). Sequentially any vertex which has Idciv) > d{v) brushes allocated 
may clean the vertex v and send exactly one brush along a dirty edge and in doing so allocate 
an additional brush to the corresponding adjavent vertex (neighbour). The reduced graph 
G' = G — vu\/yu&E(G),i 3 G('v)>d(v) is Considered for the next iterative cleaning step. Note that a 
neighbour of vertex n in G say vertex m, now have jdG'iu) = jdciu) + 1. 

Clearly for any simple connected undirected graph G the first step of cleaning can begin 
if and only if at least one vertex v is allocated, I3g{v) = d{v) brushes. The minimum number 
of brushes that is required to allow the first step of cleaning to begin is, j^Giu) = d{u) = h(G). 
Note that these conditions do not guarantee that the graph will be cleaned. The conditions 
merely assure at least the first step of cleaning. 

If a simple connected graph G is orientated to become a directed graph, brushes may only 
clean along an out-arc from a vertex. Cleaning may initiate from a vertex v if and only 
if I3g{v) > d'^{v) and d~{v) = 0. The order in which vertices sequentially initiate cleaning 
is called the cleaning sequence in respect of the orientation Uj. The minimum number of 
brushes to be allocated to clean a graph for a given orientation ai{G) is denoted If an 
orientation a* renders cleaning of the graph undoable we define 6 "* = cxd. An orientation a* 
for which 6 "* is a minimum over all possible orientations is called optimal. 

Now, since the graph G having e{G) edges can have orientations, the optimal ori¬ 
entation is not necessary unique. Let the set A = {ai\ a* an orientation of G}. 

Lemma 1.1. For a simple connected directed graph G, we have that: 
br{G) = minover all ai € a(I]„ 6 V'(g) max{0, (i+(n) - d~{v)}) = min-iaibfh 


Proof. See [7]. 


□ 


Although we mainly deal with simple connected graphs it is easy to see that for set of simple 

n 

connected graphs {Gi, G 2 , G 3 ,..., we have that, ^^(UviGi) = '^br{Gi). 

i=l 
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1.2 Mycielskian graph ^(G) of a graph, G 


Mycielski [ 6 ] introduced an interesting graph transformation in 1955. The transformation 
can be described as follows: 

(1) Consider any simple connected graph G on n > 2 vertices labelled vi,V2,V3, ...,Vn and 
edge set E{G). 

(2) Consider the extended vertex set V (G) U {xi, x^, Xn} and add the edges {viXj, VjXi\ 

iff ViVj G E{G)}. 

(3) Add one more vertex w together with the edges {wxi\\/i}. 

The transformed graph (Mycielskian graph of G or Mycielski G) denoted fi{G), is the 
simple connected graph with V{yi{G)) = V{G) U {xi,X2,X2,i ■■■,Xn} U {w} and E{fi{G)) = 
E{G) U {viXj, VjXi\ iff ViVj G E{G)} U {wxi\\/i}. 


2 Brush Numbers of Mycielskian Graphs 


In general we have that if (3g'{v) at a particular cleaning step has /3g'{v) > dG'{v), exactly 
Pg'{v) — dG'iv) brushes are left redundant and can clean along new edges linked to vertex 
V if such are added through transformation of the graph G. It is known that for hr{G) an 
optimal orientation exists and brushes may only clean along out-arcs of a vertex. Construct 
the following directed Mycielskian graph of G, denoted /i^(G). 

(1) Consider any simple connected graph G on n > 2 vertices labelled Vi,V 2 ,V 3 , ...,Vn and 
edge set E{G). 

( 2 ) Orientate G corresponding to an optimal orientation associated with br{G), denoted 

^br(G)- 

(3) Consider the extended vertex set V (G)U{xi, 0 : 2 , 0 : 3 ,..., Xn} and add the arcs {(n*, Xj), {vj, Xi)\ 
iff ViVj G E{G)}. 

(3) Add one more vertex w together with the arcs {(xj, w)|Vf}. 

Knowing that after adding an edge e (or arc) to a graph G we have br{G + e) > br{G) 
enables us to determine the brush number of the directed Mycielskian graph, p^{G). 

Theorem 2.1. (Tshegofatso’s theorem) For a simple connected graph G on, n>2 vertices 
the brush number of the Mycielskian graph of G is given by: 
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n 

bMG)) = br{fi^{G)) = 2 £ (vi). 

2=1 


Proof. Allocating the br{G) brushes to the corresponding vertices of G implies that the same 
allocations to will ensure cleaning with minimum brushes. Now consider the 

directed Mycielski G, fi~^{G). 


Consider any vertex v G ViG). Note that dn^ (v) = df^ (v) + d^^ iv). 

^ ^ ’ ^hr(Gp > ^br(G)^ ’ ^hriOy ’ 

Case 1: Assume Clearly zero brushes are initially allocated to 


V and at some iterative cleaning step exactly ^ (t’) brushes reaches v. These brushes 
will exit from v along the df^ (v) arcs if and only if a minimum of dn^ (v) = df^ (v) + 

^ ^br(G)^ ’ ^ ^br(Gp > ^br(G)^ ’ 

df,^ (v) = 2df^ (v) brushes are added to v to clean the 2d't^ (v) arcs linking v with 

2dQ.^^^^{v) vertices Xi G {xi, X 2 , aJs,..., x„}. 


So it follows that for all vertices satisfying this case we have the partial minimum sum 


of brushes, 2 E^,ey(G),d-^ {v)=d+ 

’^br(G) ^br 


(G) 


{v) ^G\ 


br(G) 


Case 2: Assume (v) < dt,^ (n). Clearly a minimum of df^ (v) — dr^^ 

^br(G) ^ ^br(G) ' ^br(G) ' ^br(G) 

brushes must be added to v to clean all out-arcs from v in G^. In addition a 


(n) 


minimum of d^-^ (v) + 2(df^ (v) — dr<^ (r>)) brushes must be allocated to v to clean 

^br{Gy ’ ^ ^br(G)^ ’ ^br{Gy ’’ 

the — df^.^^^{y) arcs linking v with vertices Xi G {xi,X 2 ,xz, 

It follows that the minimum number of additional brushes is given by: 


2(di^ (n) -I- d^^ (v)) -I- 2(di^ (v) — d^^ (v)) = 2dt^ (r>). 

'-'6r.(G) ^ ^br(G) ^br(G)^ ^br(G)^ ^br(G)^ 


So it follows that for all vertices satisfying this case we have the partial minimum sum 
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of brushes, 2 E„ev(G).t^ bXsi- 




Case 3: Assume (u) > (u). The proof follows similar to Case 2o 

^br(G) ^ ’ ^br{G) ^ ^ 

Since all cases have been settled and all vertices are accounted for, the result: 

br{^{G)) = br{fl^{G)) = ‘^Yliv&V(G),d~^ {v)=d+^ ( d ) 


-Iq—^ — ^G~ 

'^briG) ^br(G) 


T.veViG),d-^ _ iv)<d+^ _ (,;) (^) + 2 Et^GV(G),d-^ _ iv)>d+^ _ (v) (^) 


^ 6 r(G) 6 r(G) 


^br(G) briG) 


'br{G) 


2 ^ (uj), follows conclusively. 

2=1 ^r(G) 


□ 
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